A new method for characterization of the long-time dynamics of generation of second and higher harmonics and subharmonics is presented. This method is based on calculation of the spectra of moments of photon numbers and enables us to predict the global behaviour of the process. This is demonstrated by numerical results, which are discussed and related to the time-domain dynamics and to short-time analytical results.
Introduction
Degenerate parametric processes can be used effectively to double or to halve the frequency of an intense laser beam [1] as well as to generate nonclassical light [2] . These are the main reasons why degenerate parametric processes have attracted the attention of physicists for a long time.
In this paper we study the quantum dynamics of second-and higher-order harmonics and subharmonic processes based on the original method of numerical frequency analysis. Although the problem is in fact nonlinear, the Schrödinger dynamical equation, expressed in the Fock basis, gives a set of linear differential equations and frequency analysis methods can be adopted.
Hitherto published papers investigated and explained properties of parametric processes analytically under various approximations, such as the parametric approximation [3, 4] and short-time approximation [2, 5, 6] . The long-time evolution can be explored by numerical methods, however, it cannot be interpreted so easily [7] [8] [9] [10] due to its very complex quasichaotic behaviour. Manipulating the calculated frequency spectrum, we introduce the global characteristics describing the global behaviour of the effectiveness of energy conversion or the global tendency of degenerate parametric processes towards nonclassical light generation.
A number of graphical results are presented and new phenomena obtained.
Description of the method
Degenerate parametric processes are described by means of the interaction Hamiltonian [8]
whereâ 1 ,â 2 are annihilation operators of the sth subharmonic and harmonic mode,h is the Planck constant and g is the coupling constant of the nonlinear process. The losses are omitted for simplicity.
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We assume that the field is in a pure state which can be expressed in the Fock basis:
with |c j,k | 2 being the probability of finding j , k photons in the subharmonic and harmonic mode, respectively. Inserting equation (2) into the Schrödinger equation
we obtain a set of ordinary differential equations of the form [8] iċ
where j, k = 0, 1, 2, . . . and the dot denotes a derivative according to scaled time τ = gt/s. In this way, the time development of the matrix of coefficients c j,k completely describes the dynamics of the studied process.
On closer inspection we may see that only subsets of these coefficients, for which the relation n = j + ks holds, are mutually coupled. This greatly simplifies the numerical solution of system (4), as it is much easier to solve a number of simple systems of differential equations than one large set of equations. All methods of numerical matrix diagonalization [7] are based on this important property. Formally, each of the subsystems may be solved as follows. Denoting the vector of [n/s] elements c j,k for which n = j + ks by C (n) (the symbol [x] denotes integer part of x), we may write
where
are eigenvalues and eigenvectors of a symmetric tridiagonal matrix
and the constants d
are obtained by solving a set of linear algebraic equations for initial conditions c j,k (0)
Using solutions (5), an arbitrary moment of the photon numbers of both the modes can be expressed as
where the index λ counts over all combinations ω λ = j ± k and b µν λ , ϕ µν λ are real coefficients for a given moment. It is clearly seen that the moments exhibit quasiperiodic oscillatory behaviour, the detailed character of which is determined by the coefficients b µν λ , ϕ µν λ .
Global characteristics
Using equation (8), one may compute the long-time development of the moments in a way equivalent to the direct numerical solution of the original set of differential equations (4) . Nevertheless, the coefficients b µν λ , ϕ µν λ contain all the information about the time development of a particular quantity at all times, i.e. they contain global information about the process.
In the following, we will call the dependence of b µν λ on ω λ the spectrum of the particular moment. The DC component of the spectrum, b µν 0 , represents a value around which the time development of the moment oscillates and we will call it the time-averaged value of the moment or 'global' moment n µ 1n 
Comparing the magnitude of the time-averaged mean photon number n and timeaveraged ('global') variance of the photon number Varn , we can obtain the degree of occurrence of nonclassical (sub-Poissonian) behaviour in the long-time dynamics. Whenever the global variance is smaller than the global mean photon number, or at least, if their difference is smaller than the corresponding σ 's, there is a good possibility of the occurrence of nonclassical behaviour. In the following section we document this with examples of lower-harmonic and subharmonic generation processes.
From the practical point of view we note that computing the DC components b µν 0 alone is considerably less memory consuming than a complete analysis based on a posteriori analysis of the elements c j,k . This allows us to perform the investigation of the global characteristics for higher intensities |α i | 2 than by the direct long-time simulations of the dynamics. When we require more complete information than just the DC components, this advantage of our approach is weakened; we preserve, nevertheless, the freedom to set the frequency resolution according to the available computer memory.
Numerical results
In all the subsequent calculations we have studied the lower-harmonic generation process (α 2 = 0) and lower-subharmonic generation process (α 1 = 0) only. This means that one of interacting modes (the generated mode) is assumed to be initially in the vacuum state (the partially spontaneous processes), while the other mode (pumping mode) starts from a coherent state.
We will first inspect the spectra of the mean photon number of several parametric processes. Since the initial distribution of c j,k 's is given by the Poissonian distribution, only a limited number of subsystems of (4) will contribute substantially to the expressions (8) which results in the discrete character of the spectra. In figure 1 the spectra of the second harmonic are plotted for various values of real amplitude |α 1 |. As the values of |α 1 | increase, the number of spectral components grows rapidly, which results in quasicontinuous spectra for large |α 1 |. At the same time, the gap between the DC component and the first nonzero frequency peak widens with growing |α 1 |. In addition, the ratio of higher frequency components to the DC component decreases, i.e. the amplitude of oscillations scales down. This corresponds to a gradual vanishing of oscillations in the transition to strong classical fields. For comparison, the spectra of the second subharmonic and third harmonic and subharmonic are plotted in figure 2. As we may see, the spectra of higher-order processes are generally more flattened. The spectra of the nth subharmonic, compared to the nth harmonic, are distinguished to several peaks. a)-(f ) ), the value of the variance always falls below the value of n in the region of |α 1 | < 1 for the fundamental mode and in the region of |α 1 | < s for the sth harmonic. In these regions, one may expect a strong tendency to nonclassical behaviour in the long-time development. The presented results predicting the high probability of 'global' sub-Poissonian behaviour are in full accordance with previously obtained short-time results (e.g. [2, 5, 6] ) giving the tendency for generation of nonclassical light for the starting time of the interaction:
0, for the second-harmonics generation process and N ( n 1 )
0 for the third-harmonic generation (hereN denotes the normal ordering operator). We document this fact in figure 4 , where the longtime numerical development of the Fano factor F = Varn 2 / n 2 for the process of third-harmonic generation is shown. Clearly, the behaviour is strongly nonclassical for the values predicted by figures 3(c), (d ) (cf values of the Fano factor for the fundamental mode in figure 4(a) and for the third harmonic in figure 4(b) ). This does not mean that nonclassical behaviour cannot also occur for stronger fields [11] . In figure 4 (c) we show Fano factors of both the modes in the third-harmonic generation and we can see that the global behaviour is strongly super-Poissonian, the short-time development, however, exhibits sub-Poissonian statistics.
On the other hand, for the processes of the second-and third-subharmonic generation much less tendency to nonclassical behaviour has been found in our analysis (figures 3(g)- (j )). This is also in accordance with the short-time predictions [2, 5] leading to the conclusion that no nonclassical light is generated for short times. The time-averaged variance never falls below the time-averaged photon number and the ±σ bands overlap only for |α 2 | < 1.
Another interesting feature that can be analysed by our approach is the time-averaged efficiency of the process given by the ratio of time-averaged photon numbers of generated and fundamental modes (see figure 5) . The efficiency of generation of higher harmonics initially grows for low |α 1 |, but then it stagnates and may even drop slightly until the pumping coherent state yields enough photons for the effective conversion. This effect is more prominent for higher harmonics. The overall increase of harmonics generation with |α 1 | is faster for lower harmonics, as expected.
